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Introduction
A large number of investment strategies involve the decision of when to sell a security and buy another (of the same type and with the same terms) with a longer period until the expiration date (the roll forward decision). For instance, a portfolio manager with responsibility for a diversified portfolio of assets that includes a commodity market component will undoubtedly have positions in commodity derivative contracts. Consequently, the manager must decide when to roll forward the derivative contracts which are close to maturity. Likewise, a stack hedger with a risk exposure to a particular commodity market that extends beyond the maturity of available derivative contracts faces a similar decision. A key factor in such decisions is expected trade execution quality. The approach taken in the current paper considers this decision such that this component is optimized.
There are a number of conventional approaches to the roll forward decision, all of which exploit the periodic nature of expected execution quality in the period leading up to contract maturity (cf.
the vast majority of trade scheduling environments). These can be categorized as either single-day or multiple-day strategies. The former assumes that the securities roll forward on a single day that is a fixed number of days prior to the maturity date. By contrast, multiple-day strategies involve spreading the roll forward over a finite number of days prior to the maturity date. For instance, the commonly used Goldman roll strategy involves a commodity futures roll (with uniform weights) between the fifth and ninth business days of the month preceding the expiration month. The likely virtue of such a strategy in comparison to the single-day strategy is that the user has a lower risk of being exposed to poor execution quality. It is this conjecture that is examined in the current paper.
The advent of electronic trading platforms has led to an increasing number of financial institutions employing algorithmic trading systems. A key component of these systems is trade scheduling, defined according to a trade target, that is, the number of asset units (shares or contracts) to be bought or sold during a pre-specified finite time horizon. Specifically, trade scheduling involves specifying the rate at which these asset units are traded over this period (referred to as the trade list) in order to optimize execution quality. Within the context of derivative markets, a simpleto-implement trade scheduling procedure is proposed that solves the problem of when traders in such markets should switch from contracts that are close to maturity to deferred contracts (hence-2 forth referred to as the roll strategy). This strategy applies irrespective of whether the user has speculative, hedging, or arbitrage motives.
Trade scheduling is important as it is a significant determinant of the overall success of a trading strategy. The academic literature has recognized this importance. The vast majority of studies propose strategies that optimize the tradeoff between pricing impact and timing risk; see Almgren and Chriss (2001) , He and Mamaysky (2005) , Engle and Ferstenberg (2007) , Schied and Schoeneborn (2009), Forsyth et al. (2012) , and Tse et al. (2013) for a representative sample. 1 This literature is complemented by proposing a framework that is designed specifically to examine the quality of the roll decision faced by participants in markets in which there is periodic variation in execution quality. Our framework has some overlap with this literature, but fundamentally differs in terms of the tradeoff undertaken.
The trade scheduling literature typically adopts the following framework. A trader wishes to sell a fixed number of asset units over a finite horizon. Execution quality is typically measured by comparing the total revenue generated by selling at the arrival price (the price observed when the trade instruction is received) and the total revenue generated by selling these units over the horizon, with the difference referred to as the implementation shortfall (Perold 1988) . Within this context, price impact is generated by assuming that the asset is subject to trading costs that increase disproportionately with the trading rate (for instance, most studies adopt a quadratic cost model). This provides the incentive to avoid fast liquidation. By contrast, timing risk represents the risk of trading at prices away from the arrival price (induced by assuming that prices evolve in a stochastic fashion). These two effects are commonly balanced such that execution quality is optimized within a mean-variance framework in which the expected implementation shortfall is minimized subject to a pre-specified implementation shortfall variance. Moreover, these moments are determined from the perspective of a single trader prior to the trading taking place. 2 Within our setup a trader holds a position in the first month maturity derivative contract set and 1 The former of these reflects the increased costs of immediate trading based on liquidity considerations, while the latter risk measures the costs associated with delayed trading at prices away from those anticipated. 2 The literature based on this framework can be categorized in many ways. Perhaps the most obvious way is to label papers in terms of whether conditional or unconditional strategies are proposed. The former consists of a trade schedule that is mean-variance efficient with respect to implementation shortfall, but does not change over time to reflect changing market conditions (see, e.g., Almgren and Chriss 2001) . By contrast, conditional strategies are also mean-variance efficient but adapt to dynamic variation in market conditions (see, e.g., Bertsimas and Lo 1998). wishes to schedule trades over the period prior to the first notice day (FND) such that the position is replaced by a corresponding position in the first back month derivative contract set. 3 Applying the conventional trade scheduling approach would not be appropriate. To see this, first note that the current application involves simultaneous trading in two (near) perfectly correlated price series (that is, prices of the first month and first back month derivative contract sets). Consequently, positive future shocks to prices will lead to falls in the implementation shortfall associated with the former contract set; however, the implementation shortfall associated with the latter contract set will rise and offset the former contract set implementation shortfall. The net effect means that there is essentially no timing risk in the strategy. For this reason, a different perspective on the problem is taken.
The proposed framework is one in which execution quality is optimized from the perspective of a trading desk manager who is concerned about the ex post unconditional mean and variance of execution quality over a series of trade lists (cf. the perspective of a single trader who is concerned about the ex ante moments of a single trade list). 4 Within our framework, the mean-variance optimal trading desk manager will typically face a tradeoff between achieving a maximum level of mean execution quality with high variance (achieved by focusing trading on a particular day prior to the FND), against a lower level of mean execution quality with lower variance (achieved by spreading trading over several days).
The trader within the proposed framework could be a (stack) hedger, speculator, or arbitrageur -all that is relevant is that the trader requires a roll strategy to maintain a broader trading strategy.
This includes market timing traders who seek to exploit systematic variation in roll yields (the price difference between the front month and first back month contract). 5 This could be achieved by 3 Within the context of commodity derivatives, the FND represents the day after which a roll can occur to avoid taking physical deliver of the underlying commodity. 4 There have been previous studies of the roll decision in futures markets. Motivated by the abnormal volatility in futures prices close to their maturity (Samuelson 1965) , this literature focuses on the effect of single day roll selection on the return series (and not execution quality). Using a variety of futures data, Carchano and Pardo (2009) find that there are no significant differences in the return series over a variety of different roll date selection criteria (cf. Ma et al. 1992) .
5 There is some empirical evidence that is consistent with higher roll yields prior to and during the Goldman roll period; see Mou (2011) . However, many studies document contrary evidence. For instance, using different data and sample periods, Stoll and Whaley (2010) and Hamilton and Wu (2015) find little evidence of price patterns, while Bessembinder et al. (2012) document that such effects disappear within minutes. Thus it seems that as information regarding use of commercial roll strategies is in the public domain, any remaining patterns are likely to be due to limited arbitrage effects that cannot be exploited.
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optimising the roll strategy with respect to roll yields as opposed to execution quality. However, the analysis presented in this paper demonstrates that such a strategy is unlikely to be highly efficient as these data do not exhibit the strong periodicities present in execution quality. Consequently, we focus on roll strategies that are optimal with respect to execution quality. 6
The mean-variance approach adopted in this paper is analogous to the approach taken in the portfolio theory literature. Consequently, we are able to borrow concepts from this well-developed literature. In particular, the efficiency of competing roll strategies is examined using Bayesian inference based on Monte Carlo simulation; see, e.g., Kandel et al. (1995) for use of this technique within the portfolio theory literature. To anticipate some of our results, using data from five main US grain futures markets (corn, wheat, soybean, soybean meal and soybean oil), we find that roll strategies based on trading on single days prior to the FND (as is often advocated in practice) are inefficient with respect to a mean-variance optimal roll strategy. Moreover, for a sufficiently riskaverse trading desk manager, a strategy that acknowledges the need to diversify trading over several days, delivers an economically meaningful improvement in performance over a roll strategy that focuses exclusively on the maximum mean execution quality day, and a commonly used multiple-day roll strategy based on the Goldman roll dates. 7
The remainder of this paper is organized as follows. Section 2 describes the methodologies used.
Section 3 contains the application. Section 4 concludes.
The Framework
In this section, we introduce the measures of execution quality, formalize the roll decision faced by traders, and develop a solution to this problem. Moreover, methodologies associated with assessing the merits of this solution are presented.
Constructing the execution quality measure
The choice of which measure of execution quality to use is important. We use a transaction cost-based measure and a liquidity-based measure of execution quality, viz. the bid-ask spread and 6 The rollover strategy is not self-financing and will require injections and withdrawals of funds because of the incurred variation in roll yields over time.
7 See DeMiguel et al. (2009) for empirical support for the use of the 1/N portfolio strategy within the portfolio theory literature. 5 the illiquidity ratio. Specifically, the execution quality measures associated with trading the type i contract set on day n are given by
Measure 2:
where s i,n is the daily bid-ask spread, such that it represents the absolute value of the difference between the observed and true asset price, σ i,n is the daily volatility of the true asset price change,
and v i,n is the daily dollar trading volume. The bid-ask spread and true price change volatility are constructed using the method of moments estimator introduced by Smith and Whaley (1994) .
To concisely define this estimator, some preliminary notation is required: let day n have unit length, and let the full grid of all observation points (trades) be given by G = {n 1 , . . . , n m }. Given this notation, the daily effective spread and true price change volatility are given by the solution to the following simultaneous equations:
where P i,n j is the contract type i price associated with the jth trade of day n, n j,+ represents the next observation after n j on G, and Φ(.) is the standard normal cumulative density function. 8 The estimated effective spread and true price change volatility are obtained by numerically solving these equations for each trading day and contract type in the sample.
Formalizing the Problem
The roll decision framework is designed to allow a range of unconditional roll strategies to be examined with respect to an optimal unconditional roll strategy. This framework is built on the following assumptions.
Assumption 1. A trader is endowed with Λ contracts in the front month derivative contract set (henceforth referred to as the type 1 set).
Assumption 2. The trader wishes to roll the position forward to the first back month derivative contract set (henceforth the type 2 set). This is henceforth referred to as a roll event.
Assumption 3. To avoid physical deliver of the underlying asset the trader unwinds the position in the type 1 set prior to the FND and creates a new position in the type 2 set. This is henceforth referred to as the roll strategy.
Assumption 4. The days on which trading occurs are given by n = {1, 2, . . . , N }, with N representing the day immediately prior to the type 1 set FND (henceforth referred to as event time).
Given this notation, the roll strategy requires that Λ contracts (henceforth the trade target) are held in the type 2 set on day N + 1.
Assumption 5. Trading can take place on one or more days prior to the FND, with λ 1,n (λ 2,n )
representing the number of type 1 (type 2) set contracts sold (bought) on the nth trading day.
This implies that
Here λ 1,n (≥ 0) and λ 2,n (≥ 0) are henceforth referred to as trade quantities, with the collection of trade quantities representing the trade list.
Remark. To minimize impact costs, this trading is assumed to take place continuously over the trading day.
Assumption 6. On each day, the type 1 set trade quantity equals the type 2 set trade quantity, thus λ n ≡ λ 1,n = λ 2,n ∀n.
Remark. The synchronicity of the selling and buying of the type 1 and type 2 set contracts (respectively) means that the problem is reduced from 2N to N unknown parameters.
Assumption 7. The trading desk manager is unconditionally mean-variance efficient (MVE) with respect to the aggregate execution quality associated with the roll strategy, and requires a mean aggregate execution quality level of µ s (standardized by portfolio size).
Remark. The unconditional mean and variance are calculated over a series of roll events.
Remark. Aggregate execution quality associated with the roll strategy is defined as follows:
where Y n = Y 1,n + Y 2,n is the sum of execution quality levels over the type 1 and 2 sets on day n, and Y i,n is the execution quality measure given by (1a) or (1b).
Under the above assumptions, the problem can be stated in terms of the following behavioral assumption. The objective of the MVE trading desk manager is to minimize the variance of aggregate execution quality (execution risk) subject to constraints (a) to (c):
Here λ is an (N × 1) vector of trade quantities, ı is an (N × 1) vector of ones, and 0 is an (N × 1) vector of zeros.
Given the definition of aggregate execution quality it follows that var(L) = λ ⊤ Ωλ, hence the objective function given in the behavioral assumption. Similarly, constraint (a) is obtained by setting E(L) = λ ⊤ µ to the required mean execution quality level Λµ s . Constraints (b) and (c) follow from Assumption 5.
The above represents a standard quadratic programming problem, with the roll strategy based on the solution (obtained by numerical methods) referred to as the MVE roll strategy. The approach is deliberately unconditional in nature as it exploits the periodicity in execution quality observed during the period prior to the derivative contract maturity. Other financial markets do not exhibit this feature, and consequently, conditional approaches may dominate unconditional ap-proaches in those markets. By contrast, we conjecture that the unconditional approach dominates the conditional approach in markets characterized by strong periodic variation -a view that is supported by the popularity of unconditional approaches such as the Goldman roll strategy.
Analogy to portfolio theory
Without loss of generality, portfolio size can be set equal to unity, that is, Λ = 1. In doing this, the trade quantities in λ can be interpreted as trade weights. Moreover, it becomes apparent that the MVE roll strategy framework is similar to the classic portfolio theory framework in which a portfolio of assets is constructed to minimize the return risk associated with a required mean return. Indeed, the above behavioral assumption is directly analogous to the case in which the variance of portfolio returns is minimized subject to a short sale constraint. Consequently, the same numerical procedures used in the portfolio theory literature can be used to derive a solution to the above optimization problem.
Within the portfolio theory framework the choice revolves around how much wealth should be invested in the N assets. By contrast, our problem consists of when trades should take place over N days. This choice delivers a minimum variance of portfolio returns or of aggregate execution quality. Moreover, this choice depends on the contemporaneous correlations among the N asset returns, or the lagged correlations among the execution quality levels observed on different days in the N periods prior to the FND. In both cases, repeated observations of these returns or execution quality levels exist over which the unconditional sample mean and variance can be estimated.
Measuring strategy performance
An examination of the quality of a particular roll strategy with respect to the above MVE roll strategy is required. To this end, we take from the portfolio theory literature and consider the standard deviation reduction achieved by conducting the MVE roll strategy with respect to the competing roll strategy. Formally, strategy inefficiency is given by
where σ 2 * = λ ⊤ * Ωλ * is the variance of aggregate execution quality associated with the MVE strategy,
Ωλ s is the variance of aggregate execution quality associated with the competing roll strategy, λ * denotes the MVE weights, λ s denotes the weights associated with the competing roll strategy, λ ⊤ * µ = λ ⊤ s µ = µ s , ı ⊤ λ * = ı ⊤ λ s = 1, and λ * ≥ 0 and λ s ≥ 0. Note that the required mean aggregate execution quality level is dictated by the mean aggregate execution quality achieved via the competing roll strategy. Consequently, this measure gives the ratio of standard deviations for strategies with the same mean.
A graphical representation of the potential gains to using the MVE roll strategy is provided in panel (a) of Figure 1 . Consider five pre-selected strategies represented by the points A, B, C, D and E. All points on the mean-variance frontier between A and E can be achieved by the MVE roll strategy, including the global minimum variance (GMV) point given by C ′ .
Insert Figure 1 here
The first feature of panel (a) to note is that points A and E must lie on the mean-variance frontier. These points represent the maximum and minimum mean execution quality levels, respectively. As the weights are all non-negative it follows that one cannot achieve mean execution quality levels outside of these limits. For all other points a reduction in variance is possible. It is clear that A is superior to B, B is superior to C, and so on (as we have assumed that they have equal variance). However, the variance reductions do not increase over this space. Indeed, points
A and E deliver the same (zero) reduction in variance.
As an alternative we assume that the variances associated with strategies that deliver a mean execution quality level below the GMV mean execution quality level (µ m ) are given by the GMV.
This amounts to replacing the minimum variance frontier from C ′ to E with the vertical line linking
. Formally, strategy inefficiency is given by
where σ 2 m = λ ⊤ m Ωλ m is the variance of aggregate execution quality associated with the GMV roll strategy, λ m denotes the GMV weights,
and λ * ≥ 0, λ s ≥ 0 and λ m ≥ 0. See Kandel and Stambaugh (1987) for a similar measure of inefficiency within the context of portfolio efficiency.
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The second performance measure that we consider is designed to assess the economic significance of a strategy (say strategy A) with respect to a competing strategy (say strategy B). To this end, we consider the level of compensation δ ('performance fee' measured in terms of execution quality units) that the user of strategy A must receive in order to be as well off as the user of strategy B; see Fleming et al. (2001) for use of such a performance measure within the portfolio theory literature.
Formally, a manager with the following preferences is assumed:
where µ L = λ ⊤ µ, σ 2 L = λ ⊤ Ωλ, and θ measures the risk preferences of the trading desk manager.
Within this context, we seek δ in
Using (7) and this definition we can rearrange to obtain
where
Conducting inference
A portfolio theory literature exists that proposes methods by which one can assess whether a return portfolio is mean-variance efficient. Two primary approaches are possible: one based on classical inference and one based on Bayesian inference; see, e.g., Gibbons et al. (1989) and Kandel et al. (1995) , respectively. The former tranche derives asymptotic tests (only), and is highly technical in the presence of portfolio weight restrictions; see, e.g., De Roon et al. (2001) for the case of portfolio efficiency testing when short sale constraints are imposed. To overcome these issues, we follow Li et al. (2003) and adopt an easy-to-implement Bayesian approach that is able to incorporate the finite sample uncertainty into the (posterior) distribution of the performance measures described in the previous subsection.
Our observations consist of data associated with T contract pairs (type 1 and 2 sets). Let t = {1, . . . , T } index the roll events over time, and Y t be an (N × 1) vector containing the sum of execution quality levels over the type 1 and 2 sets for each day n in roll event t. Assume that Y t has a multivariate normal distribution, with mean µ and covariance matrix Ω. We use a standard diffuse prior for this distribution
Given a sample of T observations, the joint posterior distribution of µ and Ω is given by Carlo simulation is used to derive the empirical distributions based on the computed values of ρ and δ; see Geweke (1989) for a demonstration of the accuracy of this approach. Specifically, we repeatedly draw (100000 times) a random sample of µ and Ω from the above posterior distributions and compute the ρ and δ values for each sample. These are then used to construct their empirical distributions upon which inference is conducted. We refer to this as the Bayesian approach in the remainder of the paper.
Application
In this section the foregoing methodologies are applied to a grain futures dataset, such that the quality of a variety of competing roll strategies are examined.
Data
All trades in the corn, wheat, soybean, soybean meal and soybean oil futures markets traded on the Chicago Mercantile Exchange (CME) over the period, January 
Estimation details
For each replication of the data within the Monte Carlo simulation, the quadratic programming problem in subsection 2.2 is solved for each grain futures market using the QPROG application in GAUSS 11.0 (64-bit version). If the algorithm fails to return a converged solution then the replication is discarded and a fresh replication of the data is taken.
Data description
To provide an initial overview, the data are categorized according to the number of days to the FND, and in terms of two trading period assumptions. The first considers data from any trading period in the sample (referred to as sample A), and the second considers data from Monday to Friday daytime trading periods only (referred to as sample B). Three main characteristics of the 9 These futures market data represent the union of the grain futures market data used in the construction of the Standard and Poor's-Goldman Sachs Commodity Index (SP-GSCI) and the Dow Jones-UBS Commodity Index (DJ-UBSCI). The latter has recently changed its title to the Bloomberg Commodity Index (BCOM).
10 All prices pertain to CME Globex (electronic platform) transactions to reflect the dominance of this trading mechanism over the sample period. 11 The current (circa May 2015) trading times of these markets are: Sunday to Friday, 7.00pm to 7.45am (CT); and Monday to Friday, 8.30am to 1.15pm (CT). data emerge. First, the corn futures market is the most actively traded grain futures market in the sample, while the soybean meal futures market is the least traded. Second, trading activity observed in sample B is generally higher than that observed in sample A. For this reason we make exclusive use of the latter sample in the subsequent analysis. Third, there is systematic variation (periodicity) in execution quality over event time.
The periodicity in both measures of execution quality can be appreciated by observing the shape of the mean, autocorrelation (first-order), and variance plots in panels (a), (b) and (c) of Figures 2 and 3. These are based on standardized execution quality such that for each roll event they have a zero mean and unit variance, and are plotted against event time (in days). 12 The execution quality measure for each day prior to the FND is constructed by assuming that the weight equals unity for that particular day in event time. 13
Insert Figures 2 & 3 here
The plot in panel (a) in Figure 2 demonstrates that there is a clear pattern in mean execution quality for each grain futures market. In particular, execution quality increases up to around eight days prior to the FND and then decreases. 14 This finding is consistent with the observation that contracts generally roll during this period. 15 It also shows some variation in the pattern, with some markets exhibiting less defined patterns; see, e.g., corn futures execution quality periodicity. The plots in panels (b) and (c) demonstrate that there is also periodicity in autocorrelation (first-order) and variance. The same picture emerges in Figure 3 .
It is also important to document the nature of the contemporaneous relations among the mea-12 The use of standardized execution quality is useful on two counts. First, it provides a measure of execution quality that can be used to assess its economic significance, that is, it is measured in standard deviation terms. Second, it removes any trends in execution quality over the sample period. For these reasons, standardized execution quality is used in the remainder of the paper. 13 The mean vector and covariance matrix associated with execution quality are smoothed. In particular, the estimated mean vector and diagonal elements of the covariance matrix are obtained by using a Gaussian kernel smoother with bandwidth equal to 0.25N −0.4 . For the covariance matrix we set all off-diagonal elements beyond the first-order serial covariance entries to zero.
14 This inverted U-shape pattern is consistent with the results in Wang et al. (2013) who document a similar pattern in the bid-ask spreads associated with electronically traded corn futures.
15 For instance, the online broker AvaTrade roll clients' grain futures contracts on the last Sunday prior to the FND. Moreover, though the CME does not appear to make an explicit roll date recommendation for grain futures investors, for equity index futures they impose a roll dates eight business trades prior to the FND. It should also be noted that data vendors such as Tickdata.com supply continuous futures prices under a number of different roll assumptions that include roll on the 20th calender day of the month preceding the expiration month. This date coincides with the period six to ten days prior to the FND.
sures of execution quality. In particular, if there is a significant relationship between either of the execution quality measures and roll yields then this could invalidate the findings of the paper. For instance, a strategy that selects the best day in terms of execution quality (e.g., lowest bid-ask spread) could, at the same time, select the most undesirable day in terms of the price difference between the front month and first back month contracts (as given by the roll yield). Thus any gains in execution costs could be outweighed by losses due to the roll yield.
To investigate the above possibility the following regression model is estimated:
where Y n,t is the execution quality measure on day n in roll event t, X n,t is the roll yield on day n in roll event t, and ϵ n,t is a suitably defined error term. Two methodologies are used to estimate the parameters a and b. The first employs an ordinary least squares (OLS) estimator applied to pooled observations such that the parameters are assumed constant over roll event time (henceforth the pooled OLS methodology). By contrast, the second employs the methodology of Fama and MacBeth (1973) such that variation in the parameters in permitted over roll event time (henceforth the Fama-MacBeth methodology). 16 Results associated with the slope coefficient, each grain market and both measures of execution quality are provided in Table 1 .
Insert Table 1 here The results provide clear evidence that a systematic relationship between execution quality and roll yields does not exist. In particular, the slope coefficient is insignificantly different from zero for almost all markets and execution quality measures. Thus the subsequent analysis pertaining to optimal decision making in terms of execution quality does not have implications for profits or losses due to price differences in the front month and first back month contracts.
Assumption evaluation
The approach taken in this paper is unconditional in nature and takes advantage of the strong periodicity in execution quality evinced in Figures 2 and 3 . It could be argued that a conditional approach could also be applied in which the roll decision is dependent on market conditions. One possibility is to use forecasts of execution quality within each roll event based on a dynamic model (for example, an autoregressive model) to inform this decision. The success of this approach ultimately depends on whether execution quality is predictable within this space. If the approach is successful (over all forecast horizons) then this may justify use of a conditional roll strategy. To examine this possibility the quality of forecasts based on an autoregressive model are compared to those based on a periodic model.
The framework used to examine the nature of the predictability of execution quality is built on the following forecasting model:
where Y n,t is the execution quality measure on day n in roll event t, where X n,t is an exogenous variable observed on day n in roll event t, D k,n,t is a dummy variable that equals unity if k coincides The parameters in these four models are estimated using ordinary least squares using the insample period, with forecasts constructed in the out-of-sample period using these parameters. horizons (particularly beyond one period). Thus, as periodic effects appear to be an important characteristic of execution quality, it follows that the unconditional approach taken in this paper is sensible.
The above forecasting models also enable examination of the implicit assumption that roll yields do not have exploitable systematic variation over event time (that is, no periodicity) -see Remark
to Assumption 3. The quality of this assumption is tested by using roll yields (defined as the log of the ratio of contemporaneous type 1 to type 2 prices) as the dependent variable, and examining the quality of the naive model applied to these data with respect to the periodic model. The results in Table 2 reveal that the naive model is not inefficient in this regard. Indeed, on many occasions it is more efficient than the periodic model (that is, negative MSFE inefficiency values). This result lends support to our argument that roll yields are essentially flat over event time and can thus be excluded from the analysis of execution quality; see, e.g., Stoll and Whaley (2010) and Hamilton and Wu (2015) for consistent evidence.
Strategy inefficiency
To assess the performance of a particular roll strategy, information relating to the distribution of the inefficiency measure ρ obtained using the Bayesian approach described in subsection 2.4 is provided. These inefficiencies are calculated by comparing the MVE roll strategy with a selection of s-day roll strategies in which the roll is concentrated on a single day (day s) only. The MVE roll strategy is restricted to deliver a mean aggregate execution quality level equal to that delivered by the s-day roll strategy. The results are provided in Table 3 (bid-ask spread data) and Table 4 (illiquidity ratio data).
Insert Tables 3 & 4 here
The results demonstrate that the s-day strategies are highly inefficient over all grain futures markets. 19 Moreover, these inefficiencies are present over all days, though some variation is apparent. For instance, using corn futures bid-ask spread data, a roll focused on one day before the FND has a mean inefficiency of 6.70 (that is, execution quality risk is 6.70 times higher when the singleday roll strategy is used). By contrast, a roll eight days before the FND has a mean inefficiency of 1.70. It can also be observed that the inefficiencies are at their minimum value around eight days prior to the FND. Indeed, the distribution of the inefficiency measure indicates that the benefit of using the MVE roll strategy is at least zero with a posterior probability of 0.9 (or higher) around this period. 20
The extent of the reduction in variance available to the MVE roll strategy can be seen in panel (d) of Figures 2 and 3 . Here the variances associated with this strategy are plotted against event time (in days). In contrast to the s-day roll strategy variances that are close to unity, the MVE roll strategy variance levels are considerably lower than unity, with a peak occurring around eight days prior to the FND. 21 The variance peak coincides with the maximum mean aggregate execution quality level. Here the MVE roll strategy tends to be more concentrated (less diversified) in order to achieve this level of mean execution quality, and thus delivers a higher variance. However, some reduction in variance is possible because the location of the maximum mean aggregate execution quality day varies over the replications of the data within the simulation (which, in turn, reflects the fact that the maximum mean aggregate execution quality day varies over the sample).
Practical roll strategies
The results presented thus far provide evidence that the MVE roll strategy offers clear benefits.
However, from a practical perspective, a number of challenges remain. Most importantly, it is not clear how a trader would actually implement the strategy in the absence of accurate information concerning the mean and variance of execution quality. An obvious case in point here would be the inaccuracies associated with out-of-sample estimates of these moments.
The portfolio theory literature has recently proposed alternatives to the MVE approach that avoid the need for moment estimates. In particular, DeMiguel et al. (2009) demonstrate that a naive strategy based on investing equal amounts in each asset (referred to as the 1/N portfolio strategy) is not outperformed by a wide range of MVE-based strategies (including one in which short sales are not permitted).
This practical method of diversification has also been adopted by commercial roll strategies (albeit with a different motivation). 22 In particular, the SP-GSCI and DJ-UBSCI are "rolling indices" constructed under the assumption that commodity futures contracts roll (with uniform weights) between the fifth and ninth business days of the month preceding the expiration month (that is, the Goldman roll), and between the sixth and tenth business days of the month preceding the expiration month (that is, the UBS roll). These roll dates correspond to approximately twelve to sixteen, and eleven to fifteen days prior to the FND, respectively. 23
To examine the quality of these two approaches, we calculate the inefficiencies associated with the Goldman and UBS roll strategies with respect to the MVE roll strategy. The results in Tables 3   and 4 indicate that the UBS and Goldman roll strategies are highly inefficient with the distribution of the inefficiency measure indicating that the benefit of using the MVE roll strategy is always 22 A diversified roll is typically used in order to minimise price impact effects. However, there is an additional benefit in terms of execution quality risk reduction -a feature that is the focus of the current paper. 23 The Goldman and UBS rolls are commonly used in practice. For instance, there are a number of exchange traded funds (ETFs) that seek to track the SP-GSCI and DJ-UBSCI -each adopting the Goldman or UBS roll, respectively. To give an idea of the scale of this activity it should be noted that the iShares S&P GSCI Commodity-Indexed Trust has a market capitalization of $760,440,447 on September 10, 2015. This information was taken from the iShares website on https://www.ishares.com/us/products/239757/ishares-sp-gsci-commodityindexed-trust-fund accessed on September 11, 2015.
above zero even with a posterior probability of 0.99.
The primary reason for the failure of the Goldman and UBS roll strategies is the location of days on which the roll occurs with respect to the maximum execution quality day (see Figures   2 and 3) . To address this shortcoming, we propose a multiple-day roll strategy in which the trader equally spreads the roll centered on the maximum execution quality day. Two variants are considered: strategies with weights equal to unity on the center point (the adaptive singleday strategy), and weights equal to one fifth on each day around (and including) the center point (the adaptive multiple-day strategy). In both cases, to ensure real time consistency the maximum execution quality day is estimated using an in-sample period, with the quality of the strategies assessed using an out-of-sample period (ergo the 'adaptive' adjective). In the subsequent analysis we use the first ten sets of event time as the in-sample period, and the remaining sets of event time as the out-of-sample period.
Use of these strategies will ultimately lead to a mean-variance tradeoff. When a roll occurs exclusively on the center point, a high mean and variance is obtained. As the degree of roll diversification increases, a lower mean and variance is obtained. Thus, this provides a choice to the trading desk manager that they can optimize based on their risk preferences. For a manager that seeks a high mean execution quality level (low risk-averse manager), a concentrated roll is suitable. By contrast, for a manager seeking a low variance execution quality level (high risk-averse manager), a diversified roll is best.
There is an addition benefit from using the diversified strategy in that the estimation error associated with the location of the roll is reduced. By spreading the roll one is more likely to capture the true maximum execution quality day. This will ultimately lead to a lower mean performance associated with the single-day strategy, such that it may be dominated by multiple-day strategy in terms of mean and variance.
Economic significance
To assess the economic significance of two competing strategies (strategy A with respect to strategy B), the distribution of δ obtained using the Bayesian approach is provided in Table 5 .
Here strategy A represents the adaptive single-day roll strategy, and strategy B represents the adaptive multiple-day roll strategy. We consider θ = {0.1, 0.3, 0 .5, 0.7, 0.9}. As execution quality 20 is standardized, it follows that the performance fee is given in terms of execution quality standard deviations. Space limitations motivate presentation of results based on bid-ask spread data only. 24
Insert Table 5 here The results indicate that for trading desk managers with a mean focus (that is, θ = 0.9), the mean performance fee is close to zero. That is, trading desk managers using strategy A do not require a significant amount to be as well off as strategy B users. As the preference for mean switches toward a preference for variance (that is, θ falls), the performance fee increases and becomes economically significant in terms of magnitude. Importantly, the performance fees are at least positive with a posterior probability of 0.9, when θ falls below 0.5. Thus, for a sufficiently risk-averse trading desk manager, the adaptive multiple-day roll strategy has (economic) value.
It is possible to use this framework to examine the relative quality of competing multipleday strategies. In particular, we calculate the performance fees associated with the Goldman roll strategy (strategy A) and the adaptive multiple-day roll strategy (strategy B). 25 Results are provided in Table 6 .
Insert Table 6 here
The results demonstrate that the mean performance fees are generally positive and economically meaningful in magnitude. Thus, traders using the Goldman roll strategy require an economically significant level of compensation. Moreover, for mean-focused trading desk managers these performance fees are at least positive with a posterior probability of 0.9. This result is consistent with the observation that the Goldman roll strategy is centered on days with execution quality levels that are significantly below the maximum available. 26
Intraday variation
The analysis thus far has assumed that traders roll their positions over the entire trading day.
To examine this supposition we repeat the analysis under the assumption that trading occurs during more specific periods within the trading day. In particular, three intraday periods are considered: viz., the early trading session (8.30am to 10.00am), the mid trading session (10.01am to 12.00pm), and the late trading session (12.01pm to 1.15pm) . The mean, autocorrelation (firstorder) and variances associated with the single-day and MVE strategies applied to corn futures data are plotted in panels (a), (b), (c) and (d) of Figure 4 . In addition, the distribution of the performance fee associated with corn futures, the adaptive single-day roll strategy (strategy A), and the adaptive multiple-day roll strategy (strategy B), are summarized in Table 7 . 27 Insert Figure 4 here Insert Table 7 here The plots in Figure 4 indicate that the means, autocorrelations and variances are similar across the three intraday trading sessions, and are comparable to the plots associated with the full day trading session. Moreover, the results in Table 7 indicate that performance fees are above zero with posterior probability 0.95 for θ levels below 0.5 -a result that is similar to that observed previously. Thus, the results appear robust to variation in the time at which the trader rolls their position within the trading day.
The Goldman roll revisited
The documented poor performance associated with the Goldman roll strategy, particularly compared to the adaptive multiple-day roll strategy (see Table 6 ), requires further analysis. As the degree of diversification across these strategies is equal, then the performance difference must be due to the location of the roll in event time. Specifically, the Goldman roll occurs too early. It could be argued that this result is specific to grain futures markets with FNDs that occur late in the month preceding the expiration month. However, there is nothing unusual about this timing as many other commodity futures markets share similar FND dates. Indeed, for energy futures 27 Results pertaining to the other grain futures markets give similar results. These are available on request. 22 such as heating oil futures (HO), the FND is the second business day after the last business day of the month preceding the expiration month. Thus, for many commonly used commodity futures markets the Goldman roll is likely to be mistimed.
The question that naturally arises from the above discussion is: are there any futures market that are likely to be suited to the Goldman roll? The Goldman roll is centered on the seventh business day of the month preceding the expiration month. Given the evidence presented above that execution quality peaks around eight business days prior to the FND (see Figure 2) , it follows that we seek a futures market with an FND (or last trading day, LTD, if this is prior to the FND) that occurs around the fifteenth business day of the month preceding the expiration month.
With approximately twenty one business days in a month, then would like to consider a futures market with an FND (or LTD) that occurs six business days before the last business day of the month preceding the expiration month. Coffee and crude oil futures (KC and CL) traded on the Intercontinental Exchange (ICE) and CME, respectively, possess this feature and are likely to be suited to the Goldman roll.
To investigate the above conjecture we consider the Goldman roll within the context of the coffee and crude oil futures markets. This examination is based on using coffee and crude oil futures bid-ask spread data over the same period as used in the preceding analysis. 28 The results in Figure 5 provide the mean, autocorrelation (first-order) and variances plots associated with coffee futures execution quality over event time. It is apparent that the peak in mean execution quality now occurs around the same time as the Goldman roll (cf. the plots in Figures 2, 3 and 4 ). This is simply because the FND is closer to the Goldman roll dates.
Insert Figure 5 here To further examine the above issue, performance fees associated with the Goldman roll with respect to the adaptive single-day and multiple-day roll strategies are calculated using coffee and crude oil futures bid-ask spread data. The results in Table 8 indicate that the Goldman roll is no worse than the competing strategies. This is in contrast to the results associated with other futures markets in which the Goldman roll is notably inferior to the adaptive multiple-day strategy for mean-focused traders (see Table 6 ). This evidence supports the hypothesis that the Goldman roll appears to work efficiently for only a handful of (albeit important) futures markets.
Insert Table 8 here
Conclusions
In this paper a mean-variance framework applicable to traders' who roll their positions in securities from short to longer-dated contracts is proposed. The empirical findings are summarized as follows:
1. There is a distinct inverted U-shaped pattern in execution quality in the 25-day period prior to the FND, with a peak mean execution quality level observed around eight days prior to the FND.
2. Rolls based on single days prior to the FND are likely to be inefficient with respect to the MVE strategy. One possible exception would be those strategies that roll close to the maximum observed mean execution quality levels.
3. The performance of the one-size-fits-all Goldman and UBS roll strategies is generally poor in comparison to competing roll strategies (though exemptions are documented) . This is primarily because the former strategies are centered on days with mean execution quality levels that are below the maximum available.
4. An adaptive multiple-day roll strategy that evenly spreads the roll around the maximum mean execution quality day delivers lower mean execution quality levels, but with less execution risk, in comparison to an adaptive single-day roll strategy. Indeed, for sufficiently risk-averse traders, the adaptive multiple-day roll strategy is shown to be preferable.
These results have obvious implications for a variety of participants in financial markets. First, for a trading desk manager overseeing traders with roll requirements (in turn under instruction from a portfolio manager or stack hedger), it is not advisable to undertake a concentrated roll on single days. Rather, a diversified roll strategy should be adopted (providing they are reasonably risk-averse with respect to execution risk). Second, the results have implications for researchers and financial institutions who work in the area of index construction. For instance, the SP-GSCI 24 is constructed by implementing the Goldman roll. Consequently, those seeking to track this index are likely to be exposed to too high a level of execution risk.
25 Notes: This table contains information relating to the distribution of the inefficiency measure ρ obtained using the Bayesian approach applied to bid-ask spread data. Specifically, the mean (MN), standard deviation (SD), interquartile range (IR), and 50, 75, 90, 95, and 99 percentiles are provided. These inefficiencies are based on a comparison of the MVE roll strategy with the s-day roll strategy in which the roll takes place on one day (day s) only, and the multiple-day Goldman and UBS roll strategies. Notes: This table contains information relating to the distribution of the performance fee δ obtained using the Bayesian approach. Specifically, the mean (MN), standard deviation (SD), interquartile range (IR), and 5, 10, 50, 90, and 95 percentiles are provided. The performance fees are based on a comparison of the Goldman roll strategy and the adaptive multiple-day roll strategy. Notes: This table contains information relating to the distribution of the performance fee δ obtained using the Bayesian approach applied to corn futures bid-ask spread data observed at various points within the trading day. Specifically, the mean (MN), standard deviation (SD), interquartile range (IR), and 5, 10, 50, 90, and 95 percentiles are provided. The performance fees are based on a comparison of the adaptive single-day roll strategy and the adaptive multiple-day roll strategy. Notes: This table contains information relating to the distribution of the performance fee δ obtained using the Bayesian approach applied to coffee and crude oil futures bid-ask spread data observed using various benchmark strategies. Specifically, the mean (MN), standard deviation (SD), interquartile range (IR), and 5, 10, 50, 90, and 95 percentiles are provided. The performance fees are based on a comparison of the Goldman roll strategy with adaptive single-day and multiple-day roll strategies. This figure contains the mean, autocorrelation (first-order), and variance of execution quality associated with all s-day and MVE roll strategies during the 24-day window prior to the FND. All panels provide information based on coffee futures bid-ask spread and illiquidity ratio data.
